Local implementation of non-local quantum gates is necessary in a distributed quantum computer. Here, we demonstrate the non-local implementation of controlled-unitary quantum gates proposed by Eisert et al. [Phys. Rev. A 62, 052317 (2000)] using the five-qubit IBM quantum computer. Further, we analyze the same quantum task in the presence of a controller using a GHZ-like state as the quantum channel. Finally, we verify the fidelity and accuracy of the implementation through the techniques of quantum state and process tomographies.
I. INTRODUCTION
Entanglement is one of the most salient and counter-intuitive features of the quantum world, whose enigmatic property has found practical use in the field of quantum information [1] . Entangled states like Bell, GHZ, cluster and Brown et al. states play a significant role in the accomplishment of various quantum tasks like quantum teleportation [2] [3] [4] [5] [6] [7] , quantum information splitting [6] [7] [8] [9] [10] [11] [12] , quantum secret sharing [4-6, 13, 14] , superdense coding [4, 7, 15] , quantum cheque [16, 17] , and quantum dialogue [18] etc. Remote implementation of quantum gates is an important task for distributed quantum computation, as it enables us to non-locally implement local quantum gates making essential use of entanglement, local operation and classical communication (LOCC) . This quantum task is called gate teleportation, which is a useful candidate for a distributed quantum computing environment.
As the number of qubits in a quantum computer increases, the effect of decoherence and the architectural complexity introduces certain limitations in controlling and manipulating this fragile quantum information. However we can overcome these limitations through the method of distributed quantum computing. A large network of small quantum computers connected by entanglement and classical communication channels, can implement large computational problems as effectively as a single large quantum computer. With such distributed * vishnupk07@gmail.com † dintomonjoy@cusat.ac.in ‡ bkb13ms061@iiserkol.ac.in § pprasanta@iiserkol.ac.in quantum computation we can achieve a significant speedup in solving large computational problems [19] . In distributed quantum computation, the teleportation of quantum states plays a major role. But it may not be effective when a non-local operation has to be performed between two qubits. One obvious way to perform a non-local quantum operation on a remote qubit is to teleport the state to the required party, do local operations and teleport the state back. Eisert et al. [20] proposed a better protocol than this 'two-way' teleportation technique, which allows non-local gates like Controlled-NOT to be implemented between two spatially separated qubits with one maximally-entangled Bell state and one bit of classical information in either direction as physical resources. This opens a way for an efficient distributed quantum computation or quantum network among the distributed users and also facilitates long distance quantum information processing. Including a trustworthy controller to prepare and distribute the entanglement channel among different users becomes inevitable, when the number of users increases. This prevents eavesdropping to a great extent. There are many experimental studies which demonstrate the non-local implementation of quantum gates [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Yimsiriwattana and Lomonaco [32] had also proposed a distributed implementation of Shor's quantum factoring algorithm on a distributed quantum network model using entanglement and non-local operations.
IBM (International Business Machines Corporation) has attracted the global scientific community by developing a five-qubit quantum computer made up of superconducting charge-qubits called transmon qubits [33] . It provides a free access through a cloud based web-interface called IBM Quantum Experience (IBM QE) [34] , which allows researchers to design, test and run their experiments. Various theoretical protocols [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] have already been tested and verified in this platform. Hence, here the non-local implementation of controlled-unitary quantum gates proposed by Eisert et al. [20] has been explicated using the IBM quantum computer. A scheme, for implementing non-local gates between two qubits in the presence of a controller using a GHZ-like state as the quantum channel, has also been provided. The necessary quantum operations along with experimental results have been checked and verified by the methods of quantum state and process tomographies.
The paper is organized as follows. Section II gives an outline of the implementation of non-local quantum gates proposed by Eisert et al. [20] . Section III proposes a scheme for controlled implementation of Eisert's scheme using a GHZ-like state as the quantum channel. Then, Section IV explains the IBM quantum chip architecture, equivalent circuits used in the experiment, and the results of our experiment. Following which Section V characterizes our implementation by the method of quantum state and process tomographies. Finally, Section VI concludes by discussing future directions of our work.
II. NON LOCAL IMPLEMENTATION OF CONTROLLED-UNITARY GATES
The protocol proposed by Eisert et al. [20] for the implementation of non-local gates between spatially separated qubits, is describes as follows. Here, one of the users (Alice) wants to operate a controlled unitary gate on another qubit which is located far away in possession of another user (Bob) using minimal physical resources. Here, Alice's qubit acts as the control qubit, given by
and Bob's qubit, which acts as a target qubit, is given by
The following is the entanglement channel shared by Alice and Bob.
The initial state of the system can be written as
Now, Alice applies a CNOT operation between her unknown qubit A and qubit a in her possession. The resultant state is given by In the next step, Alice measures her qubit a in the computational basis {|0 , |1 } and conveys her results to Bob through a classical channel. Bob applies a Pauli-X gate on qubit b, if the classical message conveyed is '1' or otherwise applies identity (I) gate. Then the state becomes,
The combined state of the whole system,
Now, Bob performs the required controlled-unitary (Û ) operation on the target qubit (B) with qubit (b) acting as the control qubit. This leads to the state given by
In order to disentangle the ancillary qubit (b) from A and B, a Hadamard gate is applied on it resulting in the state
Finally, Bob measures b in the computational basis and the result is conveyed to Alice classically. If the conveyed result is '1', Alice performs Pauli-Z operation on her unknown qubit or otherwise an identity operation is performed as given in Table I . This leads to the final state,
which is the required ouput state of a controlled-unitary operation.
III. CONTROLLED IMPLEMENTATION OF NONLOCAL GATES
Here, we utilize a 3-qubit state used in the reference [52] as the entanglement channel to propose a controller-dependent case for Eisert's scheme. The eight-orthogonal three-particle GHZ-like states are represented as follows,
where, x ǫ {0, 1} andx is its conjugate. (1) and (2) respectively.
FIG. 1:
The quantum circuit depicts controlled teleportation of non-local quantum gates using a GHZ-like state.
The controller prepares the 3-qubit entanglement channel in the state |Ψ + abc , distributes qubits a and b to Alice and Bob respectively, and keeps the last qubit c in his possession. The total state of the combined system,
On rearranging and applying CNOT operation between A and a, the state becomes 
After measuring the qubit a in the computational basis, Alice sends her measurement result to Bob. Based on her result Bob performs a Pauli-X operation on b. This results in the following state,
Now the required controlled-unitary gate is applied between ancillary qubit b and target qubit B. Then a Hadamard gate is applied on ancillary qubit b to disentangle it from the system of unknown qubits A and B. A measurement is performed on the qubit b and the result is sent to Alice, where she performs a Pauli-Z operation on the qubit A based on the Bob's result, as per Eisert et.al.'s procedure. It is to be noted that the qubit c is still entangled with the combined system of A and B. Only with the help from controller, A and B can successfully implement a controlled-unitary gate between their qubits. Now Charlie measures his qubit c and sends his result to Bob, based on which, Bob performs a Pauli-X operation on the target qubit B. The results of measurements on the qubits a, b, c and corresponding unitary operations to be applied by the users are listed in Table II .
When the other set of GHZ-like states are used as the entanglement channel, at the end, Alice has to perform an additional Pauli-Z operation on her qubit A to successfully implement the non-local gate operation. This procedure can be generalized to perform any non-local controlled unitary operations between spatially separated qubits.
IV. IMPLEMENTATION IN IBM QUANTUM COMPUTER A. Quantum Gates and Some Gate Combinations
The single qubit quantum gates like Identity gate (I), Pauli gates (X, Y, Z), Hadamard gate (H) and phase gates (S, S † , T, T † ) are available in the IBM quantum experience tool box. These gates can be inserted anywhere in the circuit using a graphical user interface which allows click, drag and drop method. The output state of each line can be obtained by placing a measurement operator at the end of these lines, which in turn gives the output state in the computational basis {|0 , |1 } along with its probabilities.
FIG. 2: IBM five-qubit chip architecture (Credits-IBM).
Unlike single qubit gates, the architecture of of IBM 5-qubit quantum processor (Figure 2 ) needs to be considered to implement a two qubit operation like CNOT. Here Q 0 , Q 1 , Q 2 , Q 3 and Q 4 represent qubits on which any quantum gate can be implemented. The direction of arrows can be considered to operate CNOT gate between two qubits. A qubit (Q 1 , Q 2 , Q 4 ) having arrow pointed towards it, can be used as the target qubit and similarly, the qubits (Q 0 , Q 1 , Q 3 , Q 4 ) having arrows away from them, act as the control qubits. The CNOT gate can be applied between any two qubits in any order by following the protocols given in ref. [17] . Other two qubit gates can also be implemented by using equivalent circuits as given in Figure 3 . It is suggested that, in cases where the qubits are not directly connected by an arrow, Eisert's scheme [20] may be used to perform non-local operation rather than swapping the states. Because, swapping requires more number of gates than Eisert's scheme when implemented in the IBM processor and may induce more errors and decoherence in the output. In our experiment, the following equivalent circuits have been used for Controlled-H gate and Controlled-Z gate ( Figure  3 ). In IBM quantum experience, the real experiments is carried out only on five qubits by choosing different number of shots, e.g., 1024, 4096 and 8192. However the 'Custom Topology' allows to design and classically simulate the results of quantum circuits up to 20 qubits taking any number of shots starting from 1 to 8192. The interface provides details about the possible gate errors after the execution of single qubit and two-qubit gates on the real-chip. More description of the device characteristics and data analysis are available in ref. [50, 53] .
B. Non-local CNOT Gate
In this section, the non-local implementation of CNOT gate between arbitrary qubit states of Alice (Q 0 ) and Bob (Q 3 ) has been illustrated. Two different arbitrary unknown initial states have been chosen for Alice and Bob. The state of Alice's qubit is given as,
Whereas, the state of Bob's qubit is the following,
The resultant initial state of both Alice and Bob is, After non-local CNOT operation, the state becomes The implementation of non-local CH gate ( Figure 6 ) is similar to that of previous case, where the CNOT gate between q[2] and q [3] is replaced by an equivalent circuit [54] of Controlled-Hadamard Gate (Figure 3a) . The same arbitrary states (Equations (16) and (17)) are also used for the initial qubits of Alice and Bob. The final state obtained after CH operation is given by,
The obtained results are given in Table IV and Figure 7 . 
V. CHARACTERIZATION TECHNIQUES A. Quantum State Tomography
Quantum state tomography is a well known method to characterize a quantum state [43, 44, [55] [56] [57] [58] , which includes comparison of theoretical and experimental density matrices. In this case, the fidelity [1] between initial and the final state can calculated to determine the success of the implemented scheme.
The theoretical density matrix of the initially prepared quantum state is given by,
and the expression for the experimental density matrix of a multi-qubit system is given by the following expression.
where σ iN represents the Pauli matrices acting on the N th qubit. The quantity T i1i2i3...iN denotes the outcome of a specific projective measurement in the experiment, which is related to Stokes parameters in Bloch sphere [56, 57] . This equation contains 4 N terms, however only 3 N set of measurements are required, where each set has a particular combination of measurement basis. For a two qubit system, Equation (22) reduces to
where
where the indices i 1 and i 2 can take values 0, 1, 2 and 3 corresponding to I, X, Y and Z Pauli matrices respectively. For a single qubit case, the Stokes parameters are S 0 = P |0 + P |1 , S 1 = P |0X − P |1X , S 2 = P |0Y − P |1Y , S 3 = P |0Z − P |1Z , where P represents the probability of success for the corresponding bases given in the subscript. For two-qubit system, the probability of measurement outcomes are determined by P |00 , P |01 , P |10 and P |11 in the appropriate basis. The different measurement bases can be prepared by operating proper gates before the measurement operation as shown in Figure 8 . The expressions of T i1i2 in terms of probability outcome has been provided in Table V . The experimental density matrix (Equation (23)) can be expanded as,
The fidelity between ideal and prepared arbitrary states of qubits A and B is calculated from,
Fidelity measures the overlap between two density matrices and hence quantifies the closeness of theoretical and experimental quantum states obtained as output.
The theoretical and experimental density matrices of non-local CNOT (ρ From Figure 9 , the accuracy can be easily checked by comparing the theoretical and experimental density matrices for non-local CNOT implementation. Fidelity of the experimental result is found to be F CN = 0.8793. Similarly, Figure 10 depicts the theoretical and experimental density matrices for non-local CH gate implementation. The fidelity of this experiment is calculated to be F CH = 0.8312.
B. Quantum Process Tomography
In this technique, a process matrix is constructed to perform the complete characterization of applied quantum gate operations [59] [60] [61] [62] [63] [64] [65] [66] [67] . Here, quantum process tomography of output states has been performed for all combinations of the particular set of input states. The input states for two-qubit system used are,
αβ is input density matrix, corresponding output is represented by ε(ρ αβ ), where α, β ∈ {H,V,D,R}. For each output state, 16 transformed density matrices ε(ρ jk ) [64] are need to be constructed, where j, k = 1, 2, 3, 4. The process matrix of a two-qubit quantum operation χ can be obtained from the following relation,
where K = P Λ with P = I ⊗ [ρ 11 + ρ 23 + ρ 32 + ρ 44 ] ⊗ I and Λ = (Z ⊗ I + X ⊗ X) ⊗ (Z ⊗ I + X ⊗ X)/4. Here, ρ jk are the matrices with elements '1' at position (j,k) and '0' elsewhere. If all input matrices can be written as a linear combination of ρ jk , i.e.,
where ρ represents a column matrix whose elements are the input density matrices, then the inverse of matrix M can map the transformed output density matrices ε(ρ jk ) to the actual output density matrices using the relation,
where ε(ρ) represents a column matrix whose elements are the output density matrices. The matrix M −1 is provided in Appendix A.
If χ T and χ E are the process matrices for theoretical and experimental cases respectively, then the fidelity between them is defined as,
The theoretical and experimental process matrices for CNOT and CH are presented in Appendix B. In Figures  11, 12 , 13 and 14 the ideal and experimental process matrices for the two cases have been visualized. The process fidelities for non-local CNOT and CH operations are estimated to be F The discrepancy in observed and theoretical results are due to several reasons like decoherence effects, gate errors, state preparation error, measurement errors etc. It is evident that, in IBM Quantum Computer, two qubit gates are causing more errors as compared to single qubit gates. The experimental result also depends on the calibration of the system at that particular time; hence the results of same execution may vary on each time of run.
VI. CONCLUSION
To conclude, we have explicated here non-local implementation of two different controlled unitary quantum gates, i.e., Controlled-NOT and Controlled-Hadamard gates, on IBM 5 qubit quantum computer. A method of controlled implementation of non-local quantum gate is proposed using a GHZ-like state. The techniques of quantum state and process tomographies are used to characterize the performed quantum operations.
The ideal and experimental output density matrices of an arbitrary input states are compared and it is found that the gates are implemented non-locally with a high state-fidelity. It is also observed that the ideal and experimental process matrices are obtained with a less process-fidelity due to the effects of gate errors, decoherence effects etc. We hope, this work can be extended for highly entangled states like cluster and Brown et al. The inverse of mapping matrix is given by 
Theoretically process matrix of CNOT operation is consist of only real part which is given by 
The real and imaginary parts of experimental process matrix for CNOT is given by 
